We obtain the two-loop QCD corrections to Higgs plus three-parton amplitudes with dimension-seven operators in Higgs effective field theory. This provides the two-loop S-matrix elements for Higgs plus one-jet production at LHC with top-mass correction. We apply efficient unitarity plus IBP methods which are described in detail. We also study the color decomposition of the fermion cuts and find a connection between fundamental and adjoint representations which can reduce non-planar to planar unitarity cuts. We obtain final results in simple analytic form which exhibits intriguing hidden structure. The principle of maximal transcendentality is found to be satisfied for all results. The lower transcendentality parts also contain universal building blocks and can be written in compact analytic forms, suggesting further hidden structures.
1 Introduction
Scattering amplitude plays an indispensable role in particle physics. It acts as a bridge between a theoretical model and the experimental data. The Large Hadron Collider (LHC) verified the correctness of the standard model and discovered the last particle of the standard model of particle physics, the Higgs particle [1, 2] . The proposed future colliders, such as the circular electron-positron collider (CEPC) in China [3, 4] and the future circular collider (FCC) at CERN [5] [6] [7] , will have more accuracy and less background noise. One main object of the present and future collider experiments is to understand more precisely the Higgs properties and the mechanism of electroweak symmetry breaking. It is also possible to find signs beyond the standard model, such as supersymmetry, dark matter, etc. In order to compare with the experimental data, we need to calculate the scattering amplitude to the next-tonext-to leading order (NNLO) or even higher orders. This is usually beyond the capabilities of traditional Feynman diagram methods. Fortunately, during last thirty years, in the field of amplitude calculation, many new methods and tools have been developed, including the spinor helicity formalism [8] [9] [10] [11] , the unitarity cut method [12] [13] [14] , and recursion relations [15] [16] [17] . These methods have achieved great success in the calculation of the scattering amplitude, not only in supersymmetric field theories, but also in realistic QCD.
In this paper, we study the Higgs plus three-parton amplitudes in standard model. Our motivation is twofold. First, the precise theoretical prediction of Higgs scattering process is highly demanded to match the improving experiment precision. At LHC, the dominant Higgs production channel is the gluon fusion through a top quark loop [18, 19] . The computation of this process can be simplified using an effective field theory (EFT) in which the top quark is integrated out [20] [21] [22] [23] [24] [25] [26] . This EFT is valid in the approximation that the top mass m t is much larger than Higgs mass m H . The leading term in the effective Lagrangian is a unique dimension-5 operator, Htr(F µν F µν ), where H is the Higgs field and F µν is the gauge field strength. The two-loop QCD corrections to Higgs plus three-parton amplitudes with leading dimension-5 operator were computed in [27] , which has been used in computing the cross sections of Higgs plus a jet production at N 2 LO [28] [29] [30] [31] [32] [33] [34] in the infinite top mass limit. When the Higgs transverse momentum is comparable to the top mass, the contribution of higher dimension operators in the Higgs EFT will be important. This has been taken into account so far only at NLO QCD accuracy, including the finite top mass effect [35] [36] [37] . A concrete goal of this paper is to compute the two-loop QCD corrections for Higgs plus 3-parton amplitudes with dimension-7 operators in the Higgs EFT. This provides, for the first time at N 2 LO QCD accuracy, the S-matrix elements of the top mass correction for Higgs plus a jet production.
Another motivation for our calculation is to study analytic properties of amplitudes. Analytic study is crucial for uncovering hidden structures of the amplitudes. One particular focus of the paper is related to the so-called maximal transcendentality principle (MTP). Transcendentality is a mathematical quantity used to characterize the algebraic complexity of a function. The principle of maximal transcendentality conjectures that the algebraicly most complex part of certain physical observables in QCD and N = 4 SYM are equal.
This was first proposed in [38, 39] that, the anomalous dimensions of twist-two operators in N = 4 SYM can be obtained from the maximally transcendental part of the QCD results [40] . In these quantities, the transcendetality degree is governed by the multi-zeta values. Intriguingly, the principle can be extended to the Higgs and three-parton amplitudes or form factors, which involes complicated two dimensional Harmonic Polylogarithms [41, 42] . This was first observed for the Tr(F 2 ) → 3g form factors [43] , which on one side corresponds to the QCD corretion to the Higgs to 3 parton amplitudes in the large top quark mass limit [27] , and on the other side is equivalent to the form factor of stress-tensor multiplet in N = 4 SYM. The universal structure of the maximal transcendentality were also found in form factors of more general operators in N = 4 SYM [44] [45] [46] [47] [48] . The principle was also verified for other quantities like Wilson lines [49, 50] . It has also been also applied to compute collinear anomalous dimensions [51] . Recently, the MTP was also verified for three gluon form factors of the the dimension-6 operators in the pure gluon sector [52] [53] [54] [55] . In this paper, as also reported in [56] , the principle was extended to the two-quark one-gluon form factors. With a simple replacement of the SU (N ) quardratic Casmir C F → C A , the maximally transcendental (MT) part of H → qqg form factors were found to reduce to the MT part of H → 3g form factors.
Furthermore, as we will see, not only the maximally transcendental part, the parts of lower transcendentality degrees also exhibit certain universality. The degree-3 parts can be constructed by a building block T 3 , plus simple log functions and constants. The degree-2 parts also contain a building block T 2 . Using these building blocks, the amplitudes can be written in compact forms. These suggest the hidden structure and simplicity also exist for lower transcendental parts. Exploring them further will be very important for computing the full QCD results.
Our computations employ a new strategy of combining unitarity cut [12] [13] [14] and integration by parts (IBP) method [57, 58] . IBP reduces the loop integrands to a small set of master integrals. Instead of applying IBP to the full loop amplitude, we apply cut IBP to the cut integrand. Our new strategy increased the efficiency of IBP by an order of magnitude. Similar ideas of combining unitarity cut and IBP reduction has also been used in [59] , see also [60] [61] [62] [63] [64] [65] . The pure gluon sector of two-loop H → 3g amplitudes contain only the leading color contribution, in which the loop integrands can be conveniently obtained using the planar unitarity method. In the presence of internal quarks, more complicated color structures appears. We will show that by making connection between fermions in fundamental and adjoint representations, a color decomposition is possible such that the full two-loop integrand can be constructed using planar cuts. This paper is organized as follows. In Sect. 2, we introduce the operators in Higgs EFT and describe the divergences structure. In Sect. 3, we describe the details of the computation using cut-IBP strategy. In Sect. 4, we discuss the color decomposition of amplitudes that involve internal quarks. In Sect. 5, we present the analytic expressions of form factors. We conclude and discuss the transcendentality properties in Sect. 6. Appendix A-D provides expression of one-loop and two-loop results.
Preparations

Operator basis
Higgs can be produced from the gluon fusion through a heavy quark loop at LHC. The Yukawa couplings between Higgs and quarks are proportional to the mass of quarks, so the diagrams with a top quark loop dominate. Integrating out the top quark renders the Higgs effective field theory (HEFT) [20] [21] [22] [23] [24] [25] [26] :
where H is the Higgs field, O 0 = tr(F 2 ) is the leading term, and the subleading terms contain dimension-6 operators [66-70]
The last two operators have zero contribution in the pure gluon sector and only contribute when there are internal light quark lines. In this paper we consider the results including complete massless quarks contributions. An amplitude with a Higgs boson and n gluons is equivalent to the form factor with an operator O i in the EFT (2.1):
where q 2 = m 2 H . In the following, we will often refer Higgs amplitudes as form factors. Using Bianchi identity one can decompose the operator O 2 as (see e.g. [67] )
The relation can be transformed into a relation of the form factors,
where the partial derivatives reduce to square of q which is the total momentum flowing through the O 0 operator. This relation will serve as a self-consistency check for our computation. We can classify the operators according to their length. Naturally, the length of an operator O is the number of elementary fields (A,ψ and ψ) in its lowest expansion (i.e. with minimal number of elementary fields). For example tr(F 2 ) ∼ tr(∂ 2 A 2 ) has length 2, and tr(F 3 ) ∼ tr(∂ 3 A 3 ) has length 3. A form factor of an operator is called "minimal" if the form factor contains exactly the same number of on shell particles as that of the lowest expansion of the operator. For example tr(F 3 ) → ggg and ǫ ijk ψ i ψ j ψ k →are minimal form factors, but tr(F 2 ) → ggg is a non-minimal form factor.
Sometimes this "naive" definition results in a zero minimal tree form factor. As an example, for O 4 the 2 gluon form factor vanishes, and the simplest non-zero form factor is O 4 → qqg. The reason is that, using the equation
which is a length-3 operator. The more proper definition is that, the minimal form factor for a given operator is the simplest form factor which is non-zero at tree level, and the length of the operator is the number of external on-shell states in the minimal form factor. Using this definition, O 4 has length 3, and its minimal form factor is O 4 → qqg. O 3 has length 4, and its minimal form factor is O 3 →.
Divergence structure
Form factors contain both UV and IR divergences. We apply dimensional regularization (D = 4 − 2ǫ) in the conventional dimension regularization (CDR) scheme, and we use the modified minimal subtraction renormalization (MS) scheme [71] . For IR divergences, we apply the Catani subtraction formula [72] . Below we describe these in detail.
To begin with, the bare form factor can be expanded as
where g 0 = g YM is the bare gauge coupling and α 0 = g 2 0 4π . We pull out the coupling g δn 0 = g n−L 0 in the tree form factor, which depends on the number of external legs n and the length of the operator L.
The renormalization of the UV divergences can be implemented in two steps, one for the coupling constant and one for the local operator.
First, we express the bare gauge coupling α 0 in terms of the renormalized coupling α s = α s (µ 2 ) = gs(µ 2 ) 2 4π , evaluated at the renormalization scale µ 2 , as
where S ǫ = (4πe −γ E ) ǫ is due to the use of MS scheme, and µ 2 0 is the scale introduced to keep gauge coupling dimensionless in the bare Lagrangian. The first two coefficients of the β function are 1
11)
where n f is the flavor number of fermions and the quadratic Casimirs in the adjoint and fundamental representations are respectively
Second, we renormalize the operator by introducing the renormalization constant Z for the operator
(2.13)
The anomalous dimension can be computed from the renormalization constant as
Using (2.13) and note that µ
Since γ is finite, it is clear that the 1 ǫ 2 part in Z (2) is fixed by one-loop results as
Expanding the renormalized form factor as 18) we have the relations between the renormalized components F (l) and the bare ones F 
The renormalized form factor contains only IR divergences, which take a universal structure [72, 73] (see also [27] ):
22)
where for the form factor with n external gluons, we have
(2.24)
Ω,g .
For the case with external quarks, we have
and 
Computation with unitarity-IBP
The traditional method of computing scattering amplitudes is based on Feynman diagrams. In multiloop calculations, the efficiency of the Feynman diagram is relatively low. Because when the scattering amplitude is split into many Feynman diagrams, the gauge symmetry, unitarity and other properties of the scattering amplitude are destroyed. The unitarity-cut method uses tree amplitudes as building blocks to construct the integrand of loop amplitudes [12] [13] [14] . In this construction, the original properties and symmetry of the amplitude are preserved, so that the integrand can be calculated much more efficiently. The integration by parts (IBP) method can be used to reduce the integrals further to a small set of master integrals [57, 58] . The commonly used strategy of unitarity method is to reconstruct the full integrand using a set of unitarity cuts. The complete integrand can be written as the sum of a set of integrals, together with some coefficients which are polynomials of spacetime dimension D and are rational in the momentum invariants. Each unitarity cut fixes some coefficients, and different unitarity cuts will be applied successively until all the coefficients are fixed. After the full integrand is obtained, it can be reduced using IBP. We illustrate the above procedure as:
where M i are IBP master integrals. This strategy has two drawbacks. First, rebuilding a complete integrand is not a trivial task. The labelings of loop momenta in different unitarity cuts are usually different from each other. So the reconstruction of the full integrand involves cumbersome shifting and redefinition of loop momenta, especially when non-planar graphs are involved. 2 Second, the IBP reduction of the full integrand can be very slow. IBP usually takes a long time and consume a lot of computing resources, and it is sometimes the main bottleneck in the whole calculation.
We use a new strategy of combining IBP and unitarity cut which helps to overcome both issues. The key idea is that instead of applying IBP to the full loop amplitude, we apply IBP directly to each cut integrand:
If a master integral allows a given unitarity cut, this cut will be enough to determine the final coefficient of the master integral. A single unitarity cut only fixes the coefficients of a subset of master integrals. We apply different unitarity cuts successively, until all the coefficients are fixed. In this way, there is no need to contruct the full integrand, but one reaches directly to the finally coefficients c i of IBP master integrals. Furthermore, during IBP, imposing the cut condition drops a lot of integrals and makes a lot of sectors trivial. IBP with cut condition is much faster than the complete IBP. Our strategy increased the efficiency of IBP by an order of magnitude. A further important bonus of the cut-IBP method is that different cuts can provide internal consistency checks, which are very helpful in complicated cases. Later we will explain our strategy in more details.
D-dimensional unitary cut
Four-dimensional spinor helicity formalism is very powerful in the computation of supersymmetric gauge theory amplitudes. However, in the computation of non-superymmetric theory amplitudes, it fails to capture the rational terms (see e.g. [74] [75] [76] ). We will apply the planar D-dimensional unitarity method in the computation of H → 3g amplitude. In the pure gluon sector the non-planar contribution vanishes at 2 loops [53] and the amplitude is proportional to the simple color factor N 2 c , so the planar unitarity cut gives the full result. In the presence of internal quark legs, the amplitude contain N 0 c and N −2 c contributions. However, as will be shown in Sect. 4, we can still use planar cuts, if we assign proper color factors to different internal-state configurations. So these contributions are not intrinsically non-planar. The planar unitarity cut is not suffice in the computation of H → qqg amplitude, which contains some intrinsic non-planar contributions. We compute them using Feynman diagrams with FeynArts [77] . One may also carry out the non-planar unitarity cut, in which the building blocks will be the complete amplitudes (form factors) with color factors.
Tree amplitudes and form factors can be computed using planar Feynman diagrams, or recursion relations [15] [16] [17] . The polarization vectors of cut internal gluons satisfy the following contraction rule
where q µ is an arbitrary reference momenta. The q-dependent terms vanish due to gauge invariance, and disappear in the full cut-amplitude. The quark (or anti-quark) field also has two external states, denoted by u s (p) (orū s (p)), which are the solutions of the (massless) Dirac equation. For sum of quark states, one uses
Comparing with the 4-dimensional unitarity cut in spinor helicity formalism, the Ddimensional unitarity method usually generates much larger expressions in the intermediate steps. As a compensation, the D-dimensional unitarity method not only captures all rationaltype terms, but also produces integrals with regular propagators, which is ready for IBP reduction. In contrast, in the case of 4-dimensional unitarity cut, a reconstruction must be performed to convert the spinor-brackets to standard propagators.
Gauge invariant basis
The cut-integrand is explicitly gauge invariant, since all its tree building blocks are gauge invariant. This means the cut-integrand vanishes if any ε i → p i , even before IBP is performed. This explicit gauge invariance serves as a self-consistence check of our cut-integrand. By contrast, the complete uncut-loop integrand is typically not explicitly gauge invariant, setting ε i → p i leaves some scaleless integrals which are zero after integration.
Since amplitude is gauge invariant, we can expand it using a set of gauge invariant basis B α (see e.g. [27] and also [59, 78] for recent general discussion):
The coefficients f α n (p i , l a ) can be computed as
where the dual basis B α play as projectors, which satisfies, The '•' product is defined in (3.3) and (3.4) .
For the form factor with three gluons, the gauge invariant basis has 4 elements and we can choose the basis as
in which A i and C ij are defined by
where the {i, j, k} in A i are cyclic permutations of {1, 2, 3}. For form factors with two external gluons, there is only one gauge invariant basis B 0 = C 12 .
Next we consider form factor containing external quarks. The amplitudes (form factors) with a pair of quark fields contains fermion chains structures likeū ǫ p · · · u. To define gauge invariant basis, we need to discriminate operators with even and odd number of gamma matrices, which will be denoted as O even and O odd , respectively. For example the operators ψψ and F µνψ γ µν ψ belongs to O even , while F µν D µψ γ ν ψ belongs to O odd . One major difference between O even and O odd is that in a Feynman diagram, if O even appears in a fermion loop, the gamma trace of this fermion loop would contain odd number of gamma matrices, thus vanish. An example is shown in Figure 1 . By contrast, a Feynman diagram with O odd in the fermion loop does not vanish. The scattering amplitude, and consequently the gauge invariant basis, of O even or O odd contains product of even or odd number of gamma matrices, respectively.
Let us start with the gauge invariant basis of the H →amplitude. The gauge invariant basis only contains a single element B 1 =ū(p 2 )u(p 1 ). Since the gauge invariant basis of O odd must contain odd number of gamma matrices in the product, the O odd →amplitude must vanish. The gauge invariant basis for H →can be summarized as:
The gauge invariant basis of H → qqg amplitude contains 4 types of fermion contractions,
, in which two of them contain odd/even number of gamma matrices. The gauge invariance basis can be constructed as: Figure 2 . The master integrals of the 2-loop 2-point form factor. Figure 3 . The triple cut for a two-loop form factor of tr(F 2 ) with two external particles.
After expanding a form factor in the gauge invariant basis as in (3.5), the helicity information is contained in the basis B α , and f α n contains only scalar product of loop and external momenta, which can be reduced directly using IBP. Comparing with other tensor reduction methods like the PV reduction, the gauge invariant basis method produces integrals with less numerator power, and the coefficients of the integrals are more compact and do not contain Gram determinants.
Planar unitarity cut
It is well known that it is much easier to evaluate the planar scattering amplitude, or the leading N c order of the amplitude, than the non-planar contributions. In the case of form factors, we may still define the planar contributions as the leading N c order of the form factor. Similar as scattering amplitudes, planar form factors can also be computed using planar unitarity cut, in which the tree building blocks are color stripped amplitudes. As will be shown in Sect. 4, we can even use the planar cut to compute the full color dependence of the two-loop three-gluon form factors.
An important difference between the planar form factor and the planar scattering amplitude is that the planar form factor contains integrals whose topogies are non-planar. This is because the operator (or the Higgs particle) is a color singlet, thus the presence of the operator does not alter the structure of the color diagram. So the diagram contributes to the leading N c order even if the operator appears in the middle of the diagram. Similar as the planar diagrams of scattering amplitudes, the planar diagrams of form factors can also be embed on a disc, and the on-shell states are still positioned on the boundary cyclicly. However, the operator may appear in any position of the planar diagram. Since the operator carries a non-zero momentum q, the planar diagram for form factors may correspond to a non-planar integral. Two-loop two-gluon form factor
As a simple example, we consider the two-point two-loop form factor in pure gluon sector. The complete set of master integrals are given in Figure 2 . We demonstrated the planar unitarity cut by considering the triple-cut shown in the l.h.s. of Figure 3 .
The building blocks of the cut are a planar three-gluon tree form factor and a planar five-gluon tree amplitudes:
The polarization vectors ε 3,4,5 of the cut gluons are summed using the contraction rule in (3.3), then the polarization vectors ε 1,2 of the external gluons are contracted with the gauge invariant basis, which contains a single element B 0 = C 12 in (3.9). Thus we have
The scalar function f 0 is a function rational in s ij and polynomial in the dimension parameter D, which can be directly reduced using IBP reduction with e.g. public codes [79] [80] [81] [82] . As shown in the r.h.s. of Figure 3 , only two master integrals (1) and (6) in Figure 2 enter in this cut. This cut allows us to compute their coefficients {c 1 , c 6 }:
which are consistent with the known result (see e.g. [83] ).
To determine the coefficients of other master integrals, four other cuts can be used as shown in Figure 4 . More explicitly: cut-(b) for {c 2 }, cut-(c) for {c 3 }, cut-(d) for {c 4 } and cut-(e) for {c 5 , c 6 }. Note that c 6 appears in both cut-(a) and (e), which provides a non-trivial consistency check.
The full form factor F
O 1 can be written as Figure 5 . The cuts needed in the 2-loop 3-point form factor calculation. p1 p2 p3
O2 captured by the s 12 triple cut (b) in Figure 5 .
O2 that are not captured by the triple cut (b) in Figure 5 .
where M i correspond to the master integrals with label (i) in Figure 2 . Notice that the permutation of two external gluons does not alter the integrals (5) and (6), so for these two master integrals a factor 1 2 is added to avoid double counting.
Two-loop three-gluon form factor
The set of cuts which is sufficient for the computation of the three-point two-loop form factors are given in Figure 5 . All these cuts are all required for the length-2 operators, while for length-3 operators only the 4 cuts in the first row are needed. Consider the two-loop three-gluon form factor of length-3 operator O 1 as an example. F
O 1 contains seven master integrals up to permutations of external legs, as show in Figure 6 and Figure 7 . Each cut fixes the coefficients of a subset of these master integrals. For example, triple cut (b) of Figure 5 in s 12 -channel determines the coefficients of five master integrals in Figure 6 , and the coefficients of (2) ′ (or (3) ′ ) are related to that of (2) (or (3)) by flipping symmetry p 1 ↔ p 2 . If a master integral appears in the result of several different cuts, its coefficient in these cuts must be the same. These provides consistency check for the computation.
For the Higgs to three-parton amplitudes considered in this paper, the full set of master integrals are shown in Fig. 8 . They have been computed in terms of 2d harmonic polylogarithms [41, 84] . Using these expressions we can obtain the analytic bare form factors. 
Color decomposition of fermion cuts
In the pure gluon sector, planar cuts are enough to construct the full form factors. The cut form factor can be decomposed into several planar tree form factors or amplitudes. However, such a decomposition is not obvious in the presence of quark loops. In this section we show that, in the case of Higgs to 3-gluon amplitudes, by making connection between the fundamental and adjoint fermions, a nice color decomposition is still possible, such that the full 2-loop integrand can be constructed using planar cuts.
In our notation, gluons carry an adjoint color index a = 1, 2, . . . , N 2 c − 1, and quarks and antiquarks carry an N c or N c index, i, = 1, . . . , N c . We will use the group algebras
We denote f x for the flavor index of quarks and the contraction is given by δ fxfx = n f .
Color decomposition of tree amplitudes
For the purpose of computing Higgs to 3-gluon amplitudes, we need tree amplitudes and form factor with quark pairs. As far as color factors are concerned, we do not need to discriminate amplitudes and color factors. Since the Higgs field is a color singlet, we can remove it from the form factor color graph, what is left is the color graph of a scattering amplitude. For example, the H → 3g tree form factor has the color factor f abc , which is the same as the color factor of 3-gluon tree amplitude. We use the following color decomposition of n-gluon tree amplitudes:
A(1 g , 2 g , · · · , n g ) = σ∈S n−2 A (n − 1)σ 1 σ 2 · · · σ n−2 n f a n−1 aσ 1 ···aσ n−2 an . For tree amplitudes with a quark pair and (n − 2) gluons, a similar color decomposition is
The color decomposition of the 4-quark tree amplitude is
The s 12 two double-cut
The s 12 two double cut, as show in Figure 9 , corresponds to the product of a 3-point form factor and two 4-point amplitudes, F(345)A(7654)A(1267). First we consider the case when all cut lines (4, 5, 6, 7) are all fermions. The cut integrand is the product of the following three tree amplitudes,
5)
A(1 g , 2 g , 6 q , 7q) = A(1 g , 2 g , 7q, 6 q )(T a 1 T a 2 )ī 7 i 6 + A(2 g , 1 g , 7q, 6 q )(T a 2 T a 1 )ī 7 i 6 δ f 6 f 7 , (4.6) A(7 q , 6q, 5q, 4 q ) = A(5q, 4 q , 7 q , 6q)(T a )ī 5 i
. After contracting the color and flavor indices, the cut integrand can be reduced to
We can see that the product of tree amplitudes apparently do not have planar structure. Four different color structures appears in this configuration, and we rewrite (4.8) as
An important observation is that our discussion so far applies to general representation of quarks. In the case that quarks are in adjoint representation, it is clear that the cut integrand is proportional to C 2 A f a 1 a 2 a 3 and can be written as
Also, in adjoint representation the cut integrand can be obtained from planar unitarity cut, and X 1 and X 2 correspond to the coefficients of n 2 f and n f in the planar cut integrand, respectively.
In order to match (4.9) and (4.10) when taking fermions to be adjoint, we must have c 3 = −c 1 and c 4 = −c 2 , and (4.9) can be reduced to
Furthermore, in the adjoint fermion case, the two color factors above reduces to
By matching the n 2 f and n f terms, the generic representation result can be written as
So the cut integrand can be obtained using planar unitarity cut in the adjoint case. To be more explicit: first, one compute the cut integrand in the adjoint representation using planar unitarity cut, then replace C 2 A by t 2 F in the coefficient of n 2 f , and replace C 2
In the case that (4, 5) are gluons, and (6, 7) are fermions, one obtain the following color decomposition:
which has only two color structure, C A t F Tr(T a 1 T a 2 T a 3 ) and C A t F Tr(T a 1 T a 3 T a 2 ). The same structure happens in the case (4, 5) are fermions, and (6, 7) are gluons. By similar analysis as the previous example, if we denote the cut amplitude in adjoint representation as
the cut amplitude in generic representation can be written as
Here again, X 3 and X 4 can be extracted form the cut integrand in adjoint representation. The above discussion means that, similar as in the adjoint representation, the planar cut is suffice to determine the s 12 double 2-cut integrand in the generic representations. The only difference is that different color factors should be assigned to different terms in the cut integrand. All these color factors should be reduced to C 2 A in the adjoint represention. 
The s 12 triple-cut
The s 12 triple cut corresponds to the product of a 4 point form factor and a 5 point amplitudes, F(3456)A(12456), as show in Figure 10 . If the internal states are all gluons, the color factor is C 2 A , which is simple. Now consider the case (4, 5, 6) = (g, q,q). The tree amplitudes are
i 5 δ f 5 f 6 + permutations of (124) . the cut amplitude can be rewritten as
The three terms in the bracket in (4.18) take obviously the planar-cut form and correspond to the three different internal-state configurations in Figure 11 , respectively. If the gluon line appears in the middle of the diagram, the color factor is 2C F − C A , otherwise it is C A . The same pattern also appears in other cuts.
Other cuts
Following the same steps as in the last two subsections, the color structures of the other cuts can be computed, and it turns out that for every cut, a color decomposition is possible. We summarize all cases as follows (where (a)-(h) correspond to labels in Fig. 6 ):
1. s 123 two double-cut (e)-(f): both planar and non-planar cases have factor C F . 4. s 12 − s 123 two double-cut (g)-(h): the nonplanar case has factor 2C F − C A , the planar case has factor C A .
These allow us to compute full amplitudes using only planar cuts.
Results
In this section we perform renormalization and IR subtraction for form factors and obtain compact analytic forms. The two-loop bare form factor contains UV and IR divergences as discussed in Sect. 2.2. The 1/ǫ m , m = 4, 3, 2 pole terms must cancel with the universal IR divergence and the 1 loop UV divergence, which offers non-trivial self-consistency check of the results. The cancellation of 1/ǫ pole term then determines the two-loop anomalous dimension of the operator.
As an important check of the method, we have reproduced known results including the non-trivial two-loop amplitudes of Higgs to three partons with the operator tr(F 2 ) [27] . As a further check, we recall that the form factors should satisfy the linear relation (2.8). We compute form factors of different operators independently. We explicitly check that, already at the level of IBP master integrals, the results satisfy exactly this linear relation. This provides a strong consistency check for our computation. We would like to emphasize the computation of form factors of tr(D 2 F 2 ) is more involving than the known result of tr(F 2 ) due to extra derivatives in the operator, and our method can be efficiently applied to such case as well as operators with higher dimension.
A word about notation: for form factors with three partons, it is enough to consider three configurations given in Table 1 . We use subindices α, β, γ to denote different external states, similar to that in [27] . We introduce dimensionless variables: 
Tree-level results
We first give the tree-level form factors for the dimension-5 operator [85] :
Since the operators satisfy the linear relation (2.7), it is convenient to introduceÔ 2 aŝ
The form factor ofÔ 2 is the same as O 0 up to an over all factor s 123 :
For convenience, we renormalize form factors by dividing the tree form factor ofÔ 2 and introduce the 'dimensionless' form factors r
(5.5)
The ratio tree-level form factors are given as (also summarized in Tab. 2):
Note that, we have normalized the operators {Ô 1 ,Ô 3 ,Ô 4 } properly, such that the 3-point tree form factors all have unit constant. From now on, we will takeÔ I as the basis of dimension-6 operators:Ô
Loop corrections
We consider the form factors of O 0 andÔ 1 in details. Explicit formulas and the results of other operators are collected in Appendix A -D.
We first consider the form factor of O 0 and three gluons. This result has been obtained in [27] . The main purpose of this discussion is to make contact with the known literature and to set up the notation which will be used for the higher dimension operator cases. Since O 0 is a length-2 operator, we have δ n = 3 − 2 = 1, defined in Sect. 2.2. One-loop bare form factor is:
where I 4 and I 2 are one-loop box and bubble master integrals, and the master coefficients to all order in ǫ are
As discussed in Sect. 2.2, the renormalized one-loop form factor satisfies the following relation (with δ n = 1):
Using the bare one-loop form factor and universal IR information, we can extract the one-loop renormalization constant
The one-loop finite remainder can be obtained as
Similarly, the renormalized two-loop form factor satisfies the relation:
Evaluating the bare two-loop form factor and using the universal IR information and one-loop results, we can extract the two-loop renormalization constant. The 1/ǫ 2 part is determined by the one-loop data as in (2.17), while the 1/ǫ part is
The two-loop finite remainder can be decomposed according to the color factors as
The explicit expressions are given in [27] (see also [86] ), which we do not reproduce here. 3
Example 2: FÔ 1 (1 − , 2 − , 3 − ) Next we consider the form factor ofÔ 1 . SinceÔ 1 is a length-3 operator, we have δ n = 3−3 = 0. The one-loop bare form factor is given in terms of bubble integrals:
The renormalized one-loop form factor satisfies (with δ n = 0)
from which we extract the one-loop renormalization constant
The renormalized two-loop form factor, using (2.21) with δ n = 0, satisfies
The cancellation of divergence fixes the two-loop renormalization constant. The 1/ǫ 2 part is determined by the one-loop data as in (2.17), while the 1/ǫ part presents interesting new structure of operator mixing:
We can see that the first term provides a diagonal part of the renormalization constant matrix:
while the second term is due to the mixing withÔ 2 which gives an off-diagonal component:
The two-loop finite remainder can be further simplified using Symbol techniques [87] . We decompose it according to the color factors as
, (5.29) where the explicit expressions are collected in Appendix B. Form factors of other operators and other external states can be obtained following the same procedure. Similar operator mixing effect also appears in other form factors, and we summarize the renormalization matrix in Sect. 5.3. The one-loop results in master expansion are collected in Appendix A. The two-loop finite remainders are collected in Appendix B -D.
Operator mixing
As discussed above in (5.26) , the operators in general have operator mixing effects, represented by the renormalization constant matrix Z J I defined througĥ
We summarize below the renormalization constant matrix for dimension-6 operators at one and two loops. At one-loop, there is no operator mixing since the renormalization constant matrix is diagonal:
Two-loop renormalization Z (2) contains 1/ǫ 2 pole terms which are determined by the oneloop matrix using (2.17). The simple pole term is the intrinsic new two-loop contribution:
To determine the matrix elements (Z (l) ) 3 I , one needs to compute form factors ofÔ 3 with four partons, which we leave for future work.
Discussion
The results in last section provide the complete two-loop QCD corrections to Higgs plus 3parton amplitudes with dimension-7 operators. These amplitudes are of phenomenological relevance for the LHC experiments, which provide for the first time the top-mass correction of S-matrix elements for Higgs plus one-jet production at N 2 LO. A result with full top-mass dependence would require a three-loop computation involving a massive subloop, which is beyond the state of the art. Our computation relies on a combination of modern on-shell unitarity-cut method and IBP reduction. This strategy can be applied efficiently to the case with higher dimension operators in the Higgs effective action.
The analytic results take remarkable simple form and exhibits intriguing hidden structures. Below we comment on this in more details. First of all, the maximally transcendental part takes universal forms, generalizing the so-call maximal transcendentality principle and showing a direct connection between QCD and N = 4 SYM. The generalization is in two aspects. Firstly, the maximal transcendentality principle applies to Higgs to three-parton amplitudes (or form factors) with high dimension operators, see also [52] [53] [54] [55] [56] . Secondly, as also discussed in [56] , the principle applies also to Higgs amplitudes with external quark states, by a change of color factors:
Max. Tran. of (H → qqg) C F →C A = Max. Tran. of (H → 3g) . Note that the last equality exactly corresponds to taking C F → C A . Physically, such an identification corresponds to changing the fermions from fundamental to adjoint representation. This has been known for the kinematic independent quantities such as anomalous dimensions [38, 39] . For pseudo-scalar Higgs amplitudes involving qqg states, the universal maximally transcendental part was also noted in [89] .
Even more intriguingly, the sub-leading transcendentality parts also show universal structures and have certain connections to that of N = 4 SYM. The universal building block of transcendentality degree-3 part is:
This T 3 function also appeared as building blocks in the N = 4 form factors [45, 47, 52] . In our QCD results, all degree-3 parts can be express in terms of T 3 functions, plus simple ζ 3 or (ζ 2 × log) terms. For transcendentality degree-2 part, a universal building block is:
5)
We note that in [90] , a similar transcendentality-two building block was found as
which is the finite part of one-mass box functions. This is very similar to our degree-2 building block (6.5).
As it is well-known that, the amplitude of N = 4 SYM is relatively easy to calculate, while the calculation of QCD amplitude is much more difficult. The principle allows one to obtain part of a very difficult amplitude from a simpler amplitude which may be computed to very high loops. One should note that there are known examples where the maximal transcendentality principle does not apply. For example, MTP does not always hold for the four-gluon and five-gluon scattering amplitudes. The QCD four-gluon amplitudes contains polylogarithm functions, while N = 4 SYM amplitudes only contain the simple log function. Counter examples were also noted in the Regge limit of amplitudes [91] and for form factor of stress tensor operator [92] . By now the sphere of application of MTP is still not clear. It would be interesting to explore the underlying mechanism and also consider more examples. Furthermore, it would be important to study further the structure of lower transcendentality parts which are needed for computing full QCD results. It would be worthy to consider amplitudes in N = 1, 2 SYM, which may serve as bridges connecting the QCD and N = 4 SYM amplitudes.
When scattering amplitudes are classified by the transcendental degrees, usually 1 s k type spurious poles appear. The cancellation of these unphyical poles links terms with different transcendetal degrees, and may be used to constrain the lower transcendentality parts of the amplitude from the higher transcendentality pieces. The analytical expressions of a subset of two-loop non-planar master integrals form Higgs to 3 parton amplitude with finite top quark was obtained recently [93] (which corresponding NLO order in the Higgs EFT expansion). These integrals contains elliptical sectors. It would be interesting to explore whether there are universal analytical structures in the elliptical sectors.
A One-loop results
We provide the one-loop bare form factor results to all order in ǫ. The higher order in ǫ expansion will be needed in the higher loop computation. r (l) is the normalized form factor defined in (5.5) . We have:
B Two-loop remainder of FÔ 1
In this and following appendices, we collect the two-loop remainder functions. We follow the definition of r (l) in (5.5).
The two-loop finite remainder can be decomposed according to the color factors as:
in which we separate the terms proportional to log(−q 2 ) in R
. We decompose the R
part according to transcendentality degree d as and R
L3;4 (u, v, w), T 3 (u, v, w), T 2 (u, v) are defined in (6.2), (6.4) and (6.5) respectively. In (B.5), there seems to be 1 w 2 -type unphysical poles. Such poles can be cancelled by the zero of T 2 (u, v) when w → 0:
The n f parts are simpler and we collect terms of different degrees together: Finally, the terms containing log(−q 2 ) are give by:
The (1 − , 2 − , 3 + ) configuration is very simple:
We decompose the two-loop finite remainder according to the color factors as: 
We decompose the two-loop finite remainder according to the color factors as:
and T 2 (u, v) are defined in (6.5).
and T 3 (u, v, w) and T 2 (u, v) are defined in (6.4) and (6.5) respectively.
.
(D.11)
We further decompose the functions according to transcendentality degree d as
The degree-4 part: and T 3 (u, v, w) are defined in (6.4).
The degree-2 part: 
